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ABSTRACT

A computer program using the finite-element method has
been written to describe the elastic-plastic behavior of notched
bars under plane-siress lensile loading. At icad levels below
general yield, nofch-root strain measurements made on bluntly-
notched (K, = 3,08), 2024-T3 aluminum sheet gpecimens are
within 8 percent of the values predicied by the numerical analysis.
Experimental and analytical results indicate that the Neuber
relationship for pure shear is not applicable to plane-stress
tensile loading for the noich geometry and strain-hardening be-
havior encountered in the present study,

PROBLEM STATUS

This is a final report on one phase of the problem; work on
the problem coniinues.
AUTHORIZATION
NRL Problem M01i-24
Project RR 007-01-48-5431

Manmuseript submitied March 30, 1971,
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FINITE ELEMENT ANALYSIS OF NOTCHED TENSILE
SPECIMENS IN PLANE STRESS

INTRODUCTION

Ductile fracture due to the growth and coalescence of voids is prevalent in many
structural metals and is governed in large part by the history of mechanical constraint
and plastic strain. In particular, McClintock (1) has shown by analysis that there is a
strong inverse dependence between fracture strain and transverse stress for hole-growth
failure. On the other hand, brittle, slip-initiated cleavage failure propagates across a
grain when a critical tensile stress is attained. The generation, evaluation, and applica-
tion of criteria for such fracture processes depends on a rather precise knowledge of the
states of stress and strain during the elastic-plastic deformation preceding failure in the
vicinity of notches and eracks. The finite element method has become an effective means
of obtaining a complete solution to elastic-plastic problems incorporating realistic con-
stitutive behavior and complicated specimen and loading configurations. Although several
two-dimensional, finite element solutions dealing with nonlinear material response have
recently appeared in the literature, experimental assessment of their validity has been
limited. Analytical and experimental aspecis of the problem are frequently treated in-
dependently, making comparison of the results difficult,

As part of a study for determining ductile-fracture criteria for structural metals,
this report presents a finite element computer program dealing with elastic-plastic
deformation in notched tensile specimens under plane stress conditions. Experimental
results are given in support of the analysis, The analytical procedure is easily modified
to handle similar problems involving plane-strain deformation or axisymmetric geometry.

FINITE ELEMENT FORMULATION

The present analysis adopts first-order triangular elements in which the displace-
ments are taken as linear functions of the spatial coordinates. The Prandti-Reuss flow
rule and von Mises yield criterion describe the plastic response of the material, Al-
though the governing matrix equations have previously been presented in Ref, 2 and 3,
for completeness a brief outline of their development will be given, Figure 1 shows a
typical triangular element with nodal points i, j, k numbered in counterclockwise order
and having coordinates x;, y;, ete. The incremental displacement components du and

dv, in the x and v directions respectively, are assumed fo display a linear variation,
over the element, given by

du = a; + a,x + azy (la)

and

dv = a, + a.x + agy . (1b)

The elemental strain increments are then given by
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Fig. 1 - Typical triangular

element
% dv;
i du;
[E I T
P
.
7 E'du
daxx\‘ ———ax 4 a, b
_ ~ Jdw
{de} =4 de__ p —* By =< ag 7o (2)
dry ad_u + Ed_v a, + &
LR R 5)

Using Eqs. (1), the coefficients a,, a,, ..., a, may be solved for in terms of the
nodal coordinates {x,, y;, etc.) and nodal displacement increments (du;, dvy, ete. ).
From Eg. (2) the strain increments can then be expressed by the malrix relationship

{de} = ”z‘i'g (Bl {du} , (3}

where A represents the area of the element, {B] is identified by
(y;-vg) 0 (¥ - ¥;) 0 (¥, -¥;) b
{B] = 0 (% = %) o (x5 - %) o (x;-x) | &)
(e -x5) (v -y (xi-x) vy (xj-%X) {yy-vp

and {du} is identified by

{du} = : %— {8)
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The general form of the stress-strain relations under plane-stress conditions
(‘-Tzz =0} is

do-xx
{do} =< do,, »= [Dl{de} . (6)
do-xy
For linear elastic behavior,
1/ - v2 o/t - w2 0
[p] = [D] = E ¥/1 - v? 0 . (7)
(SYM) 1/2(1+v)

where E and » are Young's modulus and Poisson's ratio respectively.

For elastic-plastic deformation, adoption of the Prandtl-Reuss (incremental) stress-
strain law in conjunction with the von Mises yield criterion (4) gives

(0] = [D,_]] = d,, ) (8)

(SYM) dy g
where the components d;; are expressed in terms of the deviatoric stress components

o{;, the effective stress 7 = V(3/2) EHCHY and the slope H of the effective-stress vs
effective~plastic strain curve by

- E 42 2a 2
i = [1 b a(os)? + {2 (gxy)] , (92)

E

T aThar e

f ' 2
Voo B0uTyy T :wy (axy)a} : (9b)

[

d,. = “Eaouy (Ww * ";x) ' (9¢)
[
(

13"‘(1-:;}(14—1;),6 1+ v
d. = B Iy, afor Y2 4 2% (5 32 (9d)
227 (1-v)(1+v)8 X Ly oy ,

-Fao ve!  + o
d. . = xy X yy)' 9e
O (1-v(1+ B 1+ v )

and
E 1 - o

d . s oy2 ' [ Y
3% Ao E { 5 + YENES [(axx) + 2vcrxx0'yy + (o-yy) }} (9f)
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with
y . _OE
4(5)%H (9¢)
Eifr,r' +of }2
_ yy o TEx 22 2 . e {9h)
B=114 T T [(crxy) - o'xxcryy] ,
2o -
oy s R (91)
and
0. - oy
opy = 2 T )

For purposes of formulating the condition of equilibrium at nodal points throughout
the finite element network, the surface tractions on each element are replaced by stati-
cally eguivalent nodal forces. A relationship is then regquired between the change in
nodal forces and the nodal displacement increments, A linear expression is assumed,
having the form

{dF}y = [K1{du} , (19

where (du} is given by Eq. {5} and {dF} is a column mairix containing the x and y com-
ponents {@U and dV) of the nodal force increments at nodes i, j, and k, i.e,,

-

du,

1

dav,

du,
{dF} =< . {11}

de.

du,

\ dvk

in Eq. {10}, [X] is a six-by-six symmetric matrix and is referred to as the elemental
stiffness matrix,

The components of the elemental stiffness mafrix are determined by imposing an
arbitrary nodal displacement increment and equating the work done by the nodal forces
to the increase in strain energy of the element. The work done on a typical element dur~
ing a nodal displacement incremeni {du} in which the nodal forces change by {dF} is

sw= (7T {du) + % (&F}T {du} , {12)

where the superscript T denotes the matrix transpose and {F} represents the nodal
forces acting on the element initially. Inserting Eq. (10) into Eq. (12) and successively
differentiating W with regpect to each component of {du} gives
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\
W U, b kg kg gk glg gk sk, gl {du) |
BSui
W
36w, = Vo4 [k kg kg gk ko gkyel {du} \ (13)
P - W+ [hgyke gk skoakoskgsl (du}
ddvy

-

where the k;; are components of the elemental stiffness [K]. The change in strain en-
ergy of the element during the displacement increment is

SE = At [{O'}T{de} + %{dc}T{de}] , (14)

where t is the thickness of the element and {¢} contains the initial stresses. Insertion
of Egs. (3) and (6) into Eq. (14) yields

5= & [T ) + & (@™ @17 00 18 (aw)] (15)

Equating 3E and $W, Eq. (15) is inserted into each of Egs. (13), indicated differentiations
are performed, and like multipliers of the incremental displacement components are
equated, The result is

K] = th B1¥ [D1[B] . (16)

In the elastic-plastic range, [X], being a function of [De_p], depends on the instantaneous
stress state in the element as well as on the elastic constants and element geometry.

To establish equilibrium at a typical node i of the finite element network, the ap-
plied (external) force increment {dR} at the node is equated to the sum of the internal
force increments contributed by each of those elements having node i as one of its ver-
ticies. The internal force increment {dF} at node i is calculated from Eg. (10) for each
surrounding element in terms of its elemental stiffness and nodal displacement incre-

ments, When equilibrium at each of N nodes is considered in the x and y directions, the
system of linear equations

{dR} = [A]{du} : (17)

is generated. The column matrices {dR} and {du} are defined by

{du} = f (18)
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and

dR, !

dR!L
{aR} = S 1%

de N

g dRy.N_J
where dR, ; and dR, ; represent the applied force increments in the x and y directions
at node i. The overall stiffness matrix [A] is square {2N by 2N), symmetric, and posi-
tive definite,

The nodal displacement increments {du} resulting from an applied force system
{dR} may be obtained by inversion of Eq. {17). The elemsental strain and stress incre-
ments are then calculated from Egs. (3) and {8} respectively,

COMPUTER PROGRAM

To implement the solution derived in the previous section, a computler program has
been written in FORTRAN 63 to analyze notched specimens loaded in uniaxial tension
under plane-stress conditions (o, = 0).

Following Yamada et al. (5), the elastic-plastic solution is generated by loading the
body in incremental steps, each load increment being just sufficient fo cause an additional
element to become plastic. Initially, an elastic solulion is cbiained, and that element
having the largest effective stress is determined; this element yields first. To deter-
mine the load increment required to cause the next element to yield, the following pro-
cedure is adopted. A unif load is applied, and the resulting changes in stress components
are calculated for each elastic element. For a typical elastic element, the current devi-
atoric stresses are dencted by oj;, and Acj; represents the change in deviatorie stresses
due f{o the unif load. For a small load increment, the elemental siress and load incre-
ments are proportional, and if AP is the applied load increment necessary io just cause
the element to yield, the associated deviatoric stress increments will be 2PAcY;. Ac-
cording to the von Mises yield criterion,

b3 |

{o} +&P£\a;i)(c’;i+ﬂpﬁvii) . 20}

<gy)2 = ij

where o, is the uniaxial yield stress. Solution of Eg. (20) for AP gives

£ £ L} ¥ 2 + 1 i H 2
—oyyhel + ‘A:‘Tiji‘gij) - (&gijégii){gkicrki - ‘-§'c',’?] (21)

AP = -
ﬁai jgﬁo‘i]-
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Equation (21) is evaluated for each elastic element, and that element having the
minimum value of AP, i.e., AP,;,, Wwill be the next {o yield. The deviatoric stress com-
ponents in each element are then increased by the amount AP ; As{;, and the applied load
is increased by AP,;,. This procedure is repeated until the desired number of elements
have yielded.

One quadrant of a double-edge-notched specimen loaded in uniaxial tension is shown
in Fig. 2. To determine the elemental stresses corresponding to a unit load, the matrix
{dR} defined by Eq. (17) is formulated as follows. The applied forces acting at nodes
along boundary CD shown in Fig. 2 correspond to an applied uniaxial tensile stress of
1000 (unit loading). Applied forces at all interior nodes and those along the free surface-
boundary AD are zero, The displacement component normal to symmetry axes AB and
BC must be zero at all nodes located on these axes. If component I of the incremental
displacement matrix {du} is specified to be zero, row I and column I of the overall stiff-
ness matrix [A] (except the diagonal component) and component I of {dR} are set to zero.
This procedure effectively eliminates those equations expressing equilibrium at nodes
having specified zero displacements (and unknown force components), Since shear
stresses cannot be transmitted Across an axis of symmetry, the applied forces at nodes
along boundaries AB and BC have a zero component parallel to the boundary.

d|+d2
dR, =1000 - (—5—)
APPLIED UNIAXIAL TENSILE STRESS =1000 '
D o dRy =0 ¢
— S—— |
dR, =0
N =
1 ™ FAN > 4R, =0 .
,*
= dRy 2O 4R, =0
N *
- -~ | \ — =
4 -
~ <7\ '
~
Y

i

B :S
AXES OF

SYMMETRY

Fig. 2 - Specimen geometry and finite element boundary conditions

Having formed {dR}, the overall stiffness mairix [A] is constructed from the ele-
mental stiffness matrices by successive application of Eq. (10) to each element of the
network., If, for example, element M has nodes i, j, and k, the rows of its elemental
stiffness matrix are recorded in the appropriate locations of rows 2i- 1, 2i, 2§-1, 2j,
k-1, and 2k of matrix [A}. These entries represent the contribution of element M to
the x and y internal force components acting at nodes i, j, and k respectively. When
the internal forces from all elements have been recorded, the matrix [A) is completely

s
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formed. After solution of Eq. (17) for dispiacement increments, the elemental strain
and stress increments are readily cbtained from Egs. (3} and (6) respectively,

The eifective-stress vs effective-plastic-strain curve of the material is approxi-
mated by a series of linear segments, the terminal points of which are entered as input
data. The stress-sirain path for each plastic element is maintained within predetermined
limits of the prescribed flow curve by an iterative scheme for selecting the appropriate
tangent modulus for each load cycle {load increment). Figure 3 illustrates the procedure.
Al the beginning of a load cycle the effective stress and effective plastic strain for a
typical plastic eiement are denoted by &, and £, respectively. As a first approximation
to the tangent meodulus, the value H, corresponding to the slope of the prescribed flow
curve at ¢ is selected. During loading the element follows a linear path with slope H,;
to the terminal point (5;, £,}. If 5{%,) denotes the effective stress on the prescribed
flow curve corresponding to the strain #,, the degree of deviation (CONV) from the pre-
scribed curve may be expressed by

CONY = {31_;(_,5_}{2 ) {22)

1f conv exceeds a critical predetermined value {CRIT), a second approximation H, to the
tangent modulus is made:

N RSO @3)
! E,-F,

This procedure is applied for each load cycle until all plastic elements are within the
prescribed limits of the given flow curve or until the maximum allowed number of itera-

tiong (NITMAX) has been achieved.

To account for changes in geomeiry during loading, the coordinates of the nodal
points and the thicknesses of the elements are updated by the end of each load cyele.

A general flow chart for the program is shown in Fig. 4. The parameter CYC counts
the number of load cycles performed in the elastic-plastic range; when CYC equals
CYCMAX, computation ends. Entry of CYCMAX equal fo zero resulis in an elastic solu-
tion only. A listing of the program as well as further delails concerning ifs use are given
in the appendix.

COMPARISON OF EXPERIMENTAL AND ANALYTICAL RESULTS

To assess the accuracy of the computer solution, an arbitrary nolch geometry was
selected, and experimentzl and numerical results were compared. Double-edge-notched
tensiie specimens having the dimensions shown in Fig. 5 were machined from 1/16-in.~
thick, 2024-T3 aluminum sheet. The degree of notch root strain was determined as a
function of applied loading by placing a miniature {0.030 in. by 0.030 in.), bigh-elongation,
resistance strain gage at the base of each notch root., For each specimen, {wo active and
two temperature-compensating dummy gages were wired in @ bridge circuit such that the
output reflected the average sirain in both notches. The specimens were loaded in ten-
sion at a crosshead speed of 0.002 in, per min, and the applied load and notch strain
were simuitaneously recorded on an X~Y recorder.

The true-stress vs true-sirain curve for 2024-T3 aluminum alloy is shown in Fig. €
and was determined by placing strain gages on unnotched, sheet tensile specimens.

. eE—— ]
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INJTIAL PATH

\PRESCRIBED
FLOW CURVE,

o T=F(8)
e
| ] .
b. [CRIT] T (&)
w
wy
)
o — -
» To: €0 T
w CORRECTED PATH: H, = me'_];r
Z HplEg) : € &
z .
[
i
L
L
i

= { [
€ =j, %ﬂfu d&'rj

€0 €

EFFECTIVE PLASTIC STRAIN, ?p

Fig. 3 - Iterative method for selecting the
appropriate tangent modulius

Young's modulus, Poisson's ratio, and the proportional limit were determined to be
10.4 x 103 ksi, 0.33, and 45.34 ksi respectively.

From the measured variation of average notch root strain (e,,) with applied load-
ing, the dependence of the strain concentration factor K, and stress concentration factor
¥, on nominal net~gection stress (0., ) was obtained. X, and X, are defined by

nom

e E
KE - c:..r:::)m (243)
and
K, = -2F (24D)

where o, is the tangential stress at the notch-root surface. Because the stress state
at the notch root surface is simple tension (assuming plane-stress behavior), ¢,,, was
determined from the uniaxial flow curve given in Fig. 6 by reading off the stresses cor-
responding fo the measured values of ¢_,.

The finite element grid used to characterize one quadrant of the specimen is shown
in Figs, 7 and 8 and contains 385 triangular elements with 227 nodal points, Uniaxial
tension is assumed to act along the boundary opposite the minimum secticn, i.e., at a
distance from the notched section equal to 13.5 times the notchroot radius. Plane-stress
behavior is assumed in all elements. The curve of effective-stress vs effective-plastic
strain was approximated by 11 linear segments with terminal points, as shown in Fig. 6.

5y s s e
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LYe=0
NITER=

ESTIMATE TANGENT MODULUS

i ELEMENT JI FOR

NEXT LOAD iNCREMENT

DETERMINE FIRST

ELEMENT {J}) TO YIELD

—=

FoRM {dRy FOR
UNIT APPLIED LOAD
b )

FORM OVERALL
STIF FNESS MATRIX, [A]
¥

SOLVE FOR
DISPLACEMENTS 4dy

k
CALC. {d€y AND {dg
N ALL ELEMENTS
DUE TO UNIT LOAD

SQLUTION

PRINT ELASTIC,g @
N

DETERMINE NEXT ELEMENT
TO YIELD (JYDJAND LOAD

INCREMENT UNCR) REQ'D

cALC. {ge> AND {4
IN ALL ELEMENTS
DUE TOINCR

DETERMINE DESREE OF
DEVIATION [CONV) OF

PLASTIC EL EMENTS FROM

[TER=NTER+1 ]

PRESCRIBED FLOW CURVE

REESTIMATE
TANGENT
MODULL

ACCUMULATE AND STORE STRESSES,
STRAINS, AND APPLIED LOAD

PRINT RESULTS FOR
CYCLE COMPLETED

CYC zCYC +i
NITER = 1

FOR PLASTIC ELEMENTS
DURING NEXT LOAD
INCREMENT

ESTIMATE TANGENT MODULUS

)
\.IE»TE GEOMETRY}

Fig. 4 - Computer program flow chart
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0.063
4000%0002 o4 —.1 T'
[~ GAGE LENGTH '

|

A [_;\ g

i o

i—'NOT(:H RCOT RADIUS=
2.000 ——=  0.0625 000

[a———3.250 *0.005 | NOTE: ALL DIMENSIONS ARE
“:]- IN INCHES

bl
=]
-
1+ _di+
Ol O
Sute U
Sro|2M
0562|0562
+0.002(+0.002

Fig. 5 - Specimen geometry for 2024-T3 aluminum sheet tensile specimen

70

60|

50,—
- YIELD STRESS = 45.34 ksl
i
o 40
n
(1)
o
=
n
w acH
I E =104 x 107 ksi
s v =033

20k

* POINTS USED TO CALCULATE
1ok INPUT DATA FOR FINITE ELEMENT
ANALYSIS
o L 1 | ~t
Q 0.0! 0.02 003 0.04 005

TRUE STRAIN (in/fin}

Fig. 6 - True-stress vs true-plastic strain curve
for 2024-T3 aluminum

Deviation of the elemental effective stresses from the prescribed flow curve was limited
to 0,5 percent throughout the loading history. The solution was carried out beyond gen-
eral yielding to a value of o, equal to 57.17 ksi, at which point 201 elements had become
plastic. A complete listing of the input data for this problem is given in the appendix,

DISCUSSION OF RESULT

Throughout the loading history the largest strain in the finite-element mesh was
found to be the axial strain e, in the small element located at the base of the notch-root
surface on the minimum section (Fig. 8). This strain is assumed comparable to that de-
tected experimentally by the strain gages and was used to determine the analytical varia-
tion of K, with o, .. The elemental axial stress corresponding to ¢, was used to obtain
a similar relationship between K, and «,,,.

' s
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-

B

Fig. T - Finite element grid for
/ 135 one quadrant of the specimen

SEE DETAIL {Fig. 8}

i"——‘iS [————— § — |

Py~

——% +
l—n——“——————S‘—-——-—‘—hg-ﬂ—] i 5 -

Fig. 8 - Detail of the finite element grid near the notched section
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The elastic stress concentration factor K, determined by finite element analysis is
3.08, which is in good agreement with the experimental values of 2.90 and 3.09. Applica-
tion of the semiempirical method given in Ref. 6 results in a value of 2.98, which further
indicates that the procedures used for deriving the stress and strain concentration fac-
tors from the present numerical and experimental results are valid.

The experimental and analytical variations of K, and K. with o, are shown in
Fig. 9. As the applied load is increased above that required for initial yielding (o, =
14.8 ksi}, the strain concentration factor increases while the stress concentration factor
decreases, the latter approaching a value of unity. The overall comparison between ex-
perimental and numerical results is considered favorable. For any o, below general
vield (o, < 54.5 ksi), the analytical value of K falls within 8 percent of the corre-
sponding mean experimental result, The greatest difference between experimental and
theoretical values of K. is about 11 percent, which occurs at load levels above general
yield, In this loading range, small increases in applied load produce relatively large in-
creages in notch strain, due to the general reduction in stiffness as the plastic zone
traverses the minimum section. It is likely that this increased discrepancy reflects an
accumulation of error in the analysis because of approximating the loading path by a
finite number of linear stress-strain segments. The difference in experimental and
analytical values of K, beyond general yield is less than 2 percent because of the reduced
rate of strain hardening at these high notch-root strains; i.e., a relatively large dis-
crepancy in notch-root strain results in only a minor difference in the corresponding
value of notch stress.

GENERAL YJELD (FEA)

INITiAL
YIELD(FEA}

K= 3.09(Ne.2)

f

O SPECIMEN Ne. |
Y O SPECIMEN Neo. 2
= FINITE ELEMENT ANALYSIS (FEA)

— O [}
Ky =306 (FEA)

Ky= 280 [No. )

CONCENTRATION FACTORS Ko, Ke

1 1 1
Q 10 20 30 40 50 60
NOMINAL NET- SECTION STRESS {ksi)

Fig, 9 - Experimenta] and analytical variation of stress and strain
concentration factors with net-section stress
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In his analysis of sharply notched bars loaded in pure shear, Neuber {7) found that
the elastic stress concentration factor is equal to the geometric mean of the stress and
strain concentration factors, i.e., K.X./K? = 1, Recently several investigators (8,9)
have suggested that this resuit may be valid for notched bars loaded in tension under
plane-stress conditions, Figure 10 gives the analytical and experimental variation of the
quantity K, X./K? with o, .. It is evident that X,K_/K* is less than unit over most of the
loading range investigated, reaching a minimum value of 0,75 to 0,79 at a nominal stress
between 29 and 37 ksi. Thus the Neuber relationship is not applicable to plane-siress
tensile loading for the notch geometry and stress-strain behavior encountered in the
present study.

aelD o
P ae"nmnép
o
T 5308050
b iNITiAL YiELG GENERAL YiELD
> {FEA} (FEA)
05f-
O SPECIMEN |
o SPECIMEN 2
- FINITE ELEMENT ANALYSIS {FEA)
i _ 1 1 i i
¢l Te] 20 30 4G 50 a0

NCMINAL NET-SECTION STRESS {ksi)

Fig. 10 - Experimental and analytieal variation
of gk /k? with net-section stress

The finite element analysis predicts that the plastic zone develops in the manner in-
dicated in Fig, 11, Yielding initiates at the notch root and spreads more or less uniformly
in all direciions for -, less than about 40 ksi, At higher loads the plastic zone becomes
somewhat kidney shaped, and, as general vielding is approached, growth occurs primarily
in that portion most removed from the minimum section. At general yield the plastic
zone envelops a central core of elastically strained material.

The axial-stress o, and axial-strain e, distributions along the minimum section
are presented in Fig, 12 for two levels of loading {o,,, = 37.99 and 51,62 ksi) in the
elastic-plastic range. Also shown are the siress and strain distributions at o, = 37.99
ksi if the material were completely elastic. These distributions were obtained from
finite eiement resulis by assuming that the siress and strain at a given node on the mini-
mum gection are given by the average of the values found in surrounding elements, As
for the case of purely elastic response, the strain in the elastic-plastic range is maxi-
mized at the notch-root surface and decreases uniformly with distance beneath the notch,
However, the strain gradients in the plastic Zone are considerably greater than those
corresponding to purely elastic behavior, which accounts for the increase in X, with
Thom Shown in Fig. 8.

Examination in Fig, 12 of the siress distribution near the notch reveals that a major
effect of elastic-plastic flow (as opposed to linear-elastic response) is a redistribution
of ioad s0 as to markedly reduce the siress gradients in the plastic zone, Once yielding
begins, the axial stress rises slightly with distance below the notch, reaching a maximum
value hetween the notch surface and the elastic~plastic boundary. The extent of this rise
depends on o, but it is generally small; o, never increases more than 3.5 percent
above its notch root vaiue over the load range investigated. The exisience of such a
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Y _ '
X + : §.
Fig. 11 - Extent of the elastic-plastic boundary at
the indicated levels of net-section stress

maximum in axial stress generally depends on the notch geometry, on the degree of
strain hardening, and, perhaps, on the yield criterion.

SUMMARY AND CONCLUSIONS

1, A computer program using the finite element method has been written to analyze
plane stress and elastic-plastic deformation in notched tensile specimens. Loading is
applied incrementally, each increment being of just sufficient magnitude to cause an ad-
ditional element to become plastic. The Prandtl-Reuss flow rule and von Mises yield
criterion are employed to characterize the elastic-plastic response of the material,

2. Numerical results are in reasonably good agreement with experimental notch root
strain measurements made on double-edge-notched tensile specimens made from 2024-T3
aluminum (proportional limit = 45,3 ksi) sheet. Analytical and experimental values of the
strain concentration factor differ by a maximum of 8 percent at load levels below general
yield, i.e., o,,, < 54.5 ksi.

3. Experimental and numerical results indicate that the Neuber relationship,
K.K./K.? =1, is not applicable to plane-stress tensile loading for the notch geometry and
strain-hardening behavior encountered in the present investigation. The value of
K. K./K? was found to be less than unity over the major portion of the load range studied,
reaching a minimum value of 0,75 to 0.79,
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Appendix
COMPUTER PROGRAM AND INSTRUCTIONS FOR USE

NOTATION

The meaning of the various symbols used in the program and the sizes of arrays
are given below.

M - Number of elements

N - Number of nodes

M1 - Number of nodes located on the boundary opposite the
minimum section {Fig. 2, boundary CD)

M2 - Number of nodes for which the x displacement is specified
to be zero

M22 - Number of nodes for which the y displacement iz specified
to be gero

NO - Number of linear segments on the specified flow curve

BDW - Bandwidth of the overall stifiness matrix, BDW =4
[maximum difference befween adjacent nodal numbers]+3,

YBAR - Unpiaxial yield stress

PR - Poisson's ratio

E - Young's modulus

CRIT - Maximum allowable deviation from the prescribed flow

curve (see Fig. 3}

CONV - Calculated deviation from the prescribed flow curve

CYCMAX - Maximum number of load increments to be applied. Eniry
of CYCMAX equal to zero resulls in an elastic solution
only.

INCR - Applied load increment necessary to cause an additional
element to yield

CYC - Count of the number of cycles {load increments) com-
pieted

NITMAX - Maximum number of iterations allowed in determining

the tangent modulus for any load increment

18
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NITER - Count of the number of iterations completed for a given
load increment

Ji - First element to yield

SBAR - Effective stress in the element J1 at initial yield

CORD (N, 2) - CORD (I,1) and CORD (I, 2) represent the x and y coordi-
nates, respectively, of node I

NP (M, 3) - NP({I, 1), NP (1, 2), and NP (I, 3} contain the nodal numbers
in counterclockwise order for element I

AREA (M) - AREA (I} contains the current area of element I

GE (3,3) - Stress-strain matrix (Eq. (8))

DU (8) - Incremental nodal displacement matrix (Eq. (5))

DE (3) - Inecremental strain matrix (Eq. (2})

DELM (M, 5) - DELM (I, 1), DELM (I, 2), DELM (I, 3), DELM (I, 4), and

DELM (I, 5) contain e,,, €., ¥xy, €., and the effective
plastic strain, respectively, in element I (accumulated
values)

DELML1 (M, 5) - Strain increments for all M elements resulting from a
given load increment

SELM (M, 5) - SELM (1,1}, SELM (I, 2), SELM (I, 3), SELM (I, 4), and
SELM (I, 5) contain o, o, o, o,,, and the effective
stress, respectively, in element T (accumulated values)

SELM1 (M, 5) - Stress increments for all M elements resulting from a
given load increment

B(3,6) - Strain-displacement matrix (Eq. (4))

DSPX (M2) - Nodal numbers of the nodes for which the x displacements
are specified to be zero

DSPY (M22) - Nodal numbers of the nodes for which the y displacements
are specified to be zero

DS (3) - Incremental stress matrix (Eq. (6))

EP (M) - EP (I) distinguishes elastic and elastic-plastic elements.

If EP (I) is zero, element I is elastic; if EP (I) is unity,
element I has yielded,

FSPEC (M1, 3) -. FSPEC\(I, 2) and FSPEC (I, 3) are the x and y components,
respectively, of the applied force acting at node FSPEC {1, 1)
which is located on the boundary opposite the notched sec-
tion. FSPEC (I, 2) and FSPEC (I, 3) correspond to an ap-
plied uniaxial tensile stress of 1000 integrated between
midpoints of the two segments joining node FSPEC (1,1)

[ ——
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with its two adjacent boundary nodes. This force system,
which is entered as input data, is referred to as a unit
load {See Fig. 2).

THENS (M) - THKNS (I} contains the current thickness of element I
HEFF (M) - HEFF (I) contains the current tangent modulus for ele-
' ment I .. : .
A (EN BDW + 1) - This array contains those components of the overall stifi-
$ 2 ness matrix (Bq. (17)) which iie on and above the main

diagonal, Other componenis need not be recorded, since
the overall stiffness malrix is symmetric. The diagonal

© element in row I of the overall stiffness mairix is con-
tained in A {1, 1),

DELF 2N} - Applied force matrix {dR} defined by Eq. (19)
DELU (2N , BDW - 1) - The displacement mairix {du} defined by Eq. (18). The
2 last (BDW - 1)/2 locations of this array are incorporated

for convenience in solving Eq. {17).

H{NG, 3) ' : - H(1,1) contains the slope of the Ith segment of the pre~
scribed effective-stress vs effeclive-plastic~strain curve,
H{I,2)and H{,3) are the effective stresg and effective
plastie strain, respectively, at the beginning of the ith

- segment.
Bl( BDXEzf + 1)
- Arrays used in subroutine SOLVE
BDW+1 BDW+1
C1 ,
2 2
SUBROUTINES

Two subroutines, SUBSEM and SOLVE, supplement the main program. For a given
value of effective plastic strain {EM1), subroutine SUBSEM returns the corresponding
value of effective stress (SEM1) and tangent modulus (HEM1) given by the prescribed
flow curve. Using the Gaussian elimination method, subroutine SOLVE* is used to soive
the system. of linear equations given by Eg, (17). This subroutine takes advantage of the
fact that the overall stiffness matrix [A] ie symmetric and likely to be highly banded.
These characteristics significantly reduce computer storage requirements.

INPUT DATA

The order in which data are read and the formats employed is as follows.

*
The author is indebted to Dr. D. J. Krause for providing this subroutine.
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Data

PR, BDW, N, M, M2, M22, M1
CYCMAX, NITMAX, CRIT, E, YBAR, NO
First column of array CORD (N,2)

Second column of array CORD (N,2)

First column of array (NP (M,3)

Second column of arry NP (M,3)

Third column of array NP (M,3)

M1 cards, each containing successive
rows of array FSPEC (M1,3)

Array DSPX (M2)
Array DSPY (M22)
No cards, each containing successive

rows of array H (NO,3)

ouUTPUT

21

F4.0, 6(14)

2(14), F5.0, 2(£10.5), 14
12(F6.4)

12(F6.4)

26(13)

26(13)

26(13)

F3.0, 2(F12.9)

26(13)
26(13)
3(E10.5)

After an elastic solution is obtained, elastic stresses and strains for each element
are printed in units of o, /1000 and o, /1000E, respectively, where o, is the applied uni-

axial stress and E is Young's modulus,

For elastic-plastic behavior, accumulated stresses and strains are printed every
tenth cycle. Stresses and strains are expressed in units of S,/1000 and S,/1000E, re-
spectively, where S, represents the applied stress necessary to initiate yielding. The
quantity S,/1000 equals YBAR/SBAR, where YBAR is the uniaxial yield stress and SBAR
represents the largest effective stress obtained from the elastic solution, The accumu-
lated applied stress, in units of S,, and the element yielded, JYD, are printed after each

cycle.

PROGRAM LISTING

The listing of the program and the subroutines follow after the next section,

TYPICAL INPUT DATA

The input datafor the specimen analyzed follows the listing of the computer program

subroutines,
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PROGRAM EPLASS

ELASTO-PLASTIC S0LN FOR PLANE STRESS

TYPE INTEGER DOWsDSFXrDSPY e S5 X1 ¥4 sERP1CYS+CYCMANL G L a X1 o X2 e X3
TYPE REAL INCR«INCRL

DIMENSION CORDIZZT+2) «NP{395+3) +AREA{3TSI s GE{ 343 s0DSPXL186) »
1B1346)+DUIE) sDE(3)} +PELML 3055 ) s HELMI3G5+vS I+ DS (31« SELMI 1395455y
ZDELMI {3055 +HEFF {3951 2DEPY{ 16) «FSPEC({ 111431+ THRKNS{ 395) +£EP{395)
COMMON /1 /7A1454,38)3yDELF {2541 +DELLTABD)

LCOMMON ZAB8/18 30+ 3

FORMATL A/ 1 Xe3HCYC s 2X s 14y 10X SHNITER 2K+ 1483
FORMATI /71 X+ IGHSTRAINS FOR EFP CASEA4Xs 24MHELEMENT =X ¥ s XYy ZvEFF £}
FORMAT{iIX+14+s4XsBIiElIBeTs2X))

FORMAT{1H1+20H5TRESSES FOR ERP CASE/Z4X«Z2IinELEMENT—~XsY e XY+ Z+EFF)
FORMAT (I X «29MMAX DEVIATION FROM FLOW CURYE+Z2X1E16s9)

FORMAT{ /771 X+ 1 2HNI TER=NI TMAX

FORMAT{F440+6114)1}

FORMATIZII4 ) sFSeOv2{E10+514

FORMAT{G6{2X+E1691)

FORMAT {7/ /71X s BHCYCMAX s 3X+GHNT TMAX s IX 4 ZHJ 1 o TR GHSBAR « 14X + AHYBAR y 14X
LTIHE s 14X e ZHNO « SXs ORI T /AL 2N+ 1A 2K 14 G X [ 4+ 2XaE 10249 s ZX I E1G e W+ EX
PEIB T 13X T4 12X sFT 431}

FORMAT(ELIOsS+E10.5EiG.5)

FORMATIIX2THTHIS ELEMENT 15 NOW PLASTIC.2X=14)

FORMAT(1PFGas)

FORMAT(Z2E613)

FORMATIF3.0+2F 12495

FORMAT (L 1H1 « X+ 2HPR s OXa 1 HM2BX s 1 HN/

LT{ZR I F OB 2Xs Tar 2R 18/ 770}

FORMATLIHI « IBHELAST [C STRESSESA4X e I THELEMENT ~—Xe Y+ XY 2}
FORMATI /71X« ISHELASTIL STRAINSZ4Xs 1 THELEMENT ==X Y e XY 2}
FORMAT{ 1 X+ 16HACCUMULATED LOAD2XsFQ45)

W W I RR RSN KR

READ INPUT DATA AND ZERQ ARRAYS.

I TR 2SS E R LT

READ{(B04+1) PR+1BDWaNyMiMZ2+sM224M1

READIGU 23 CYCMAM+MITMAXAaCRITLE+ YBARING

NZ=pP*N

MI={(BDW+1Y/2

Ma=(ADW~1) /2

DO 109 J=1.2

READIS0 108 (CORNI T I ai=l oMy

OO 110 J=1.3

READIGET+ 1113 {NP{I+dYal=1M)

DO 112 I=1+M1

READ{S6D+113) FSPECI{TIs 1 1+FSPECLT 23 +FSPEC{ 123

READIAU«111) (DSPX{I)aI=1Mm2)

READ{GC 111} (DSPY{T)eI=1.MEES

IF{CYCMAX,EDLDY GO TO 173

DO 172 1=1+NO

READ{SEC13) {HUTsJYs J=1e3)

CONT INUE

DO 126 I=1sM

HEFF {1 1=sTHKNS (1 120,00

DELMEL+S)=0,0

ER({13=0

DO 96 1=1+N

DELLUIZ2* T =DELUZ¥ I =1} =RELF (2% )=2DELF{2* [~ 3 =0+0

C¥C=Jdi=0

SBAR=0.,0
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ACCUM= 1,0

NITER=]

IF(CYC.EQe«Q) GO TO 53
CONTINUE

e 22 2 T

FROM THE ELASTIC SOLN+ DETERMINE THAT ELEMENT{(J1) HAVING THE
LARGEST EFFECTIVE STRESS(SBAR)s ESTIMATE TANGENT MODULUS(HEFF)
FOR ELEMENT J1 FOR FIRST LOAD CYCLE.

SIS T Y S22

SBAR=0,0

J1=0
DO 51 I=1«M

Tl1=(2.0%SELM{T41)=SELM{142))/340

T2=(2«0¥5ELM{T+2)~SELM(14+41)3/3e0

T3=(=SELM{]«1)}<-SELMII+2)}/3.0

T4=SELM({T+3)

SELM( 1 +S5)=SQRTF (34 0* (T #¥24TR2H K24 TIXH24+24 Q¥ TY4H¥2) /20

IF(SELMI{T+5)sLT«SBAR)Y GO TO 51

SBAR=SELM(]+5)

J1=1

CONTINUE

EP(JIY=1

HEFF{J1y=H{1e1)

X ZE LS TR TS R

CALCULATE THICKNESS(THKNS) OF EACH ELEMENT AT INITIAL YIELDs

L2 T 2T I T R Y
DO 175 I=1M

THEKNS{1)=1,0+DELM({ 1 + 4 ) %¥YBAR/ ( SBAR¥E )

LE 222 LSS L R R Y 3
FORM OVERALL STIFFNESS MATRIX HAVING COMPONENTS A(leJ)e

L2 XS 2 T YT I A
CONT INUE

DO 125 I=1.N2

DO 125 J=1+¢M3

AlT+2)=0,0

DO 92 1=1M

X=NP(lTsl)

Y=NP{1.:2)

ZzNP{(143)

AREA(TY=0+5% (CORDIZ+2)¥CORD{Ys1)—CORDIZ+2)%CORD (Xs1)—CORDIX¢2)*
1 CORDIY+ 1 )+CORDIXs 1 ) ¥CORD (Y42} =CORD(Y+2 ) #CORDIZs 1)+
2 CORD(Z+1)#CCORDIX42))

S=1
FORM ELASTIC STRESS~STRAIN MATRIX [F APPROPRIATE.
COEF=1,40/(140-PR®*%2)

IF(ERP(1).EGs1) GO TO S5
GE(1+1)y=COEF

GE(2+¢2)=GE(141)

GE{1+2)=COEF*PR

GE(2+1)1=GE(1+2)

GE(3+31=%140/(2.0%(1.0+PR)}
GE(1+43)=GE(3411=GE(342)=CGE(2+3}=0.0

GO TO 57
CONTINUE
FORM ELASTIC-PLASTIC STRESS-STRAIN MATRIX IF APPROPRIATE »
TI=(240%SELM(1+1)1=SELM(I+2)1) /30
TE={240%SELM{142)~SELM(I+1)) /3.0
T4=SELMIT+3)

FrQeOXE/ (4, 0¥SELM( ] +5) ¥ #2¥HEFF (1))
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Rz)lfD+FRLITI+T2)%%2) RCOEFL2ORFRITAHRP-T1¥T23/4 1 £ 04PH}
GE{Iol1={io40FFRTI2RNZ+2,OHFRTEERZ /1 1 wQ+PRI IRCOEF /R
GE{1+2)={PR~F AT #T24+2+ D¥PRIFXTLEN2/{ 1 +Q4+PR} I *COEF/R
GE{Z2s11=GEL1+2)

GE{ 13 2({=FH{PRET24+T1IHT4,4 1 0+PR} }XCOEF/R

GE{3+131=GE{{+3}

GEIZsZ¥sl 1 yDIFHTIRNDLT ORFXTLHRD /11 £ D+PR)Y }#LDEF /R
CE{Z13)={-FHR{PREXTI+T2I¥T4/{10+PR) INCOEF/R

GE{3+2)=GE{(2+3)
GE(Sv3)13{1a0«“PR+:FH{TINUZHZ ,ONPRET I K TZH+T2HRZ )7 (1 0+PR) 1 ¥
1COEF/{2+0%R)

CONTINLE

COEFIiz=i«0 /i4.0%AREATTI)

IF{CYCeGT o0} COEF{=COEFI®THRKNS(]}

CONT INUE

BEBX+BBY +BBZ s CUXGCCYICCZ ARE NUON=ZERC COMRPONENTS OF THE STRAIN=-
DISPLACEMENT MATRIX B

BEBX=CORD{Y+2}-CORD{Z+2}

BRY=CORDIZ» 21 =CORD{X 22

BBZ=CORD{X+2)~CORD{Y 123

CCX=CORD(Z+ 1) ~CORDIY 1)

CCY=CORDIX+ 11 =CORDIZ1)

CCZ=CORDIY+11~-CORDIXs1)

SINCE THE OVERALL STIFFNESS MATRIX IS SYMMETRICs CALCULATE
DNLY THOSE COMPDNENTS LYING ON AND ABOVE DIAGONAL » THE
DIAGONAL COMPONENT OF RGCW 1 15 DEMNOTED Atisile
A(2%X~1411=COEF1 F{REXF{BEXHGE {1+ 1 }+COCX¥GEL{ 3+ 1 } 1 +COXNH{BEX*
IGEL3e 1 )4CCXHGEL 343 ) Y +AL2RXN =14 1)

A{P%X=1221=C0EF} *IBEBX®(COCX*CE (2] 1+BBX¥GE( 341 ) +CCX¥{TOX*
ICE(3e2)+BBX*GE(Ze3)1 3 1+4{2%X~1+2)

AL2%Xs1) =COEF1 *{COX¥{CCXHGELZ+2)4BBXRGE3+2))+BBX*LCOR*
IGE 2231 4RBXEGE T T2 311 3 FAL 2% 1

IF (¥.LTeX) GO 7O S5%°

AL2NY =) 4 2HY~2¥XA L} 2COEF1  #{DEX¥IBAY¥GEL 1+ ] }+CCYRGE LT ) Y +L0XH
IIBBYRGE (3 1 )+CCYHGEIF9FI I I +AIZ2%FK—] +2%Y~=2¥X+1)

A{ZXX+ 2% Y=2%X) =LOEF§ ¥{COX¥(BRYXGE (241 14+CCY*XGE{342) 148BBX*
1{BBYRGE{ 3+ 1 }+CCYRGE( 393} 1 1 +ALZH K 2FY-2%X)

AIZRK—1 1 2¥¥—2%H+21=COEF 1 %*(BBX¥ICCY*GETZ 1 1 +UBYXCE{ 3417 3 +C0TK¥
T{CCYRGE( I+ 21 +BBY¥CE{3v31 1 1 FAL{Z2¥ XK= + ZAY—2¥X+ 2}

A{ZRX+2¥Y=2%X4+1) =CQEF1 FLCONPLCOYRGEL 2+ 214+BBYRGE {3+ 2} 1 +88BX*
M1ICCYFGEL 3 2Y+BEYHGE [ 323 1 ) +A[Z2F X4 2ZRY-2¥ X3 ]}

55 CONTINUE

IF (ZeLTeX) GO TQO &0

AIZRX—] 4 2% Z=-2%X+11=COEF1 X IBOX¥(OBZXGET 1+ 1) +CCIHRGETITe 1) 1 +COXH
1IBBEZ¥GEI 32 1) +CCZRGEIT 311 1 +AI2¥ X1 2 2% T~2RX+ 1)

ALZH Ry 2HZ-24X) =COEF1  H{COX¥{BBZ*GE{2+ 1 }+CLZHGE{3+2) 1 +B8X*
{{RBZ¥GEL 2+ 11 +LCZXGEL 343 1 1 4+AL XX 2R Z=2¥))
BIZER~1 2 ZHZ=2%X+2)=COEF] #IBEXRICCZHGEIZ211+DBZ*GET3+1 17 +CTK*
1 {CCZ¥XGEL{3+2)+BBZHRGE (3431 ) 1+A{2HX—1 12K Z~2¥X+2)

A(2HX ¢ 2%Z~2%8X+1) =COEF1 #{CCX*¥{CCZxGE(2+21+BBZ#GE {3427 ) +B8BX*
1TICCZHCEID 2} +BBZHACE( I3 I} +A(ZF X4 ZRZ~2¥K+1 )

60 CONTINUE

IF{S54EQ«2} GO TQ &2
IF{S«EQe3} GO TO 92
X=NpP{1s2)

¥=NP{1+3}

Z=NP{Ils1y

S5=5+1

GO TQ B8
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CONT INUE
X=NP{ 143}

YeNPR{T«1)

Z=NPi1+2)

S=5+1

60 TO S8

CONTINUE

LE AT TR EE T T

ZERO ROWS AND COLUMNS RELATING TO THOSE NODES HAVING SPECIFIED
DISPLACEMENTS EQUAL TO ZERO.

LA TI 2T ST LT S Y 3

DO 19 L=1+M2

LL=DSPX(L)

DELF(2%LL=1)=0.0

DO 19 LL1=2+M3

IF((2¥LL—LL1)+LE«O) GO TO 44
ACZ#LL-LL1+LL1)=040

CONT INUE

A(2¥LL=14LL1)=040

CONT INUE

DO 20 IL=14M22

LL=DSPY (L)

DELFA 2%LL1=040

DO 20 LL1=24M3

IF({2%LL~LL1+1)4LE-G) GO TO 45
A(2%LL-LL1+1+LL13=0.0

CONTINUE

AC2RLL+LL1)=0,0

CONTINUE

R 22 TR T T TN EE R R

IMPOSE UNIT LOAD INCREMENT AT BOUNDARY NODES.
LA R 2T 2T R Y

DO 124 I=1+N
DELUC2%1~1)=2DELUL 2% )=DELF (2% 11 )}=DELF (2%] }=Ce0
DO 18 I=1M1

MI11=FSPEC(I41)

DELF(2%M11)=FSPEC(1+3}

DELF(2%#M11=1}=FSPEC(I+2)
S1=]
b a2 g LS LY T L EAE

USING GAUSSIAN ELIMINATICNs SOLVE SYSTEM GOF EWUATIONS FOR DISPLACEMENTS.
LA RS 2 E T2 T T E TN N

CALL SOLVE (N2.8DW)

L2 At 2 2 2L 1 E R Y

CALCULATE STRAIN AND STRESS INCREMENTS DUE TO UNIT LOAD«

LR 2 L L T T L T ETETEE Y

INCR=1,0

DO 69 14=1+M

X=NP{ila+«1)

YzNP{Las2)

Z=NP(14+3)

FORM STRAIN~DISPLACEMENT MATRIXs B, AND CALCULATE STRAIN INCREMENTS.
BEX=CORD(Y4+2)=CORD{Z42)

BBY=CORD(Z242)~CORD (X4 2)

BBZ=COQD(X02)-CORD(YVE)

CCX=CORD(Z41)~CORD(Y+1)

CCY=CORD(XI1)—CORD(Z|]J

CCZ=CORDI(Y+1)=CORD(X+1)

DO 70 IB=1+&
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DULIBI=0.0
TO CONTINUE
00 7! 15=143
oG 71 J5=i+6
B{I8+US)1 =00
Ti CONTINUE
BIZ:23=R{]1.1)=8BBX
Bi3+43=B{1+3}=BRY
B{3+6)=B{1.5)=8BRZ
Bi3:1)3=B12.2)=CCX
Bi3+33=8{2+4)=LCY
BLa:51=BI2.6)=CL7
DO 72 Jb=14+3
Li=sNP{I4&4+U6!}
DU ¥ 6=~ 1=DELU{Z*fL1-11)
T2 DU 2¥J6) =DELU{PH 1}
DO 73 L2=1+3
DE(L21=0.0
DO 74 KZsiv6
T4 DELL2Y=DEL2 4111 D/AT2,0%AREA{14 3 3% IL2 K2 ) HDUIKS) )
DELMI(IA4.L.2y=DE{L2)
T3 DELMI{144535=0.0
FORM APPROPRIATE CONSTITUTIVE MATRIXs GE+« AND CALCULATE STRESS INCREMENTS.
IF(EP{Ia)EQe1Y GO TO 76
GE{1.13=COFF
GE{2+s23=GE{1+12
GEL{1-2)=C0EF*PR
GEiZ2«+11=GE{1+2}
GE{3v3)1c120/(2+0%{1204+PR))
GEL1+3}=GEL 311 1=GEIS12)=GE{ 243150+ 0
IFICYCEGL.OY GG TO 768
T6 CONTINUE
Ti={ 2., 0%SELMITa 1) -SELM{ 144231 /3.0
T2=s[ 2. U%SELMI[6+2)=SELML 144121 /3.0
T3={-SELM{IA4c 11 =SEL ML 144213730
T4aSELML 4430
IF{ER{ 143 .FEG0) GO TQ 75
FoGeO¥Er {deOXSELM{ T4+ By HAZHHNEFF (14
RS1204F ¥ (T14T2)13%2) FCOEF+2,O¥F#H{ TA4X¥2~TI¥T2)/ 11 04+PR)
GE(Lr 1) (1o NP RT2H S22 4OHF R TEEH2 /{1 4 D+PRYIIFCOCEF /R
CGE{1 9212 ({PR-FRTIAT24+2.OX¥PRIFETH#H2/{1.0+PR) }*CCEF /R
GE{Z+13=2GE{1+2)
GEL1+3)1={«F®IPR*¥T2+7 1 3 ¥ T4/ 4 1 +0+PR) ) FCOEF/R
GE{3+3113GE{13)
GE{Ze21=2{ 1 o OHF#T I HAPA2ORFRTA*¥ 271 1 2O+PR Y }RCOEF /R
GEAZ2431=s{-F¥(PR¥T1+T21¥Ta/{ 1 «0+PR} } ¥COEF /R
GE(3+21=GE{ P+
GEI(R+31={]+0-PRAFE(TI XX 4P LDRPRFITINT2ITEREZ 174 +C+PR I 1 ¥
1COEFA{240%RY
T5 CONTINUE
DO 77 L3=1.3
D5{L33=0.0
D0 T8 K3A=1.43
T8 DSIL3=DSIL33+GE{L 3+ K3 1¥DE{ K3}
TT OSELMI{14.L33=DS{LT)
SELM{14.4+43=SELMI{142443=20,0
DELMI{ I8 =ER( {4y ¥I{F¥TR¥ [ TI#SELMI{I6.154T2¥SELMI{ 452+
12sURTEESELMIL 14 3) })~PR¥{SELMI{ 14y 1 3+SELMIL 142
IFICYC«ERQ+DY GD TOD 99
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IF(EP(14)4,EQel) GO TO 69
LA SRRl 222
DETERMINE THE NEXT ELEMENT TO YIELDU(JYD) AND THE LOAD INCREMENT

REQUIRED(INCR) .

[EZ SR TR TS EY ST Y
T11=(2.0%SELM1 (1441 )1~SELM1(I442))/3.0

T22= (2« O*¥SELMI {14421 =SELMI(14+1))/340
T33=(-SELM1 (1441 )-SELMI1(14+2))/ 340
T44=5ELMI(14a+.3)
A=T1I1¥#TII+T2RT22+T3IRTIT+2.0%Ta*T 44
B=T11#¥24T22#%24TIBRA242. 0% TRG X%
CETIHNZ4T2HRRZHTIURP 42 4O THEXD

INCRI={—A+SQRTF (AXX2-B*(C-2,0%SBAR*%2,/3,01))1)}/8
IF(INCR1+GTeINCRY GO TC 99

INCR=TNCRI1

JYD=14

CONTINWUE

CONTINUE

IF(CYCLEQsD) GO TO 91

360 N2

CALCULATE STRESS AND STRAIN CHANGE IN EACH ELEMENT DUE TO
LOAD INCREMENTs INCR,

AN W XN

CONV=04,0

DO 100 14=1M

DO 101 U=i.4

DELMI(Ta4+J)=DELMI{ T4« ) #*INCR
SELMI{T44J)=SELMI(14+J)*INCR
TI=(2+0%SELM(1441)~SELMI1442))1/3:.0
T2=(2+0¥SELMI1442)=SELMLI441)31/340
T3=(~SELM(14+1}-SELM([44+2)) /340

Ta4=SELM{1443)
Tll=(2«0#SELM1(14411=~SELMI(14+2))/3a0

T22= (24 0%SELMI(T1442)=SELML (144113 /340
T33={-SELM1(1441)=SELM1{1442))/3a40
Ta44=5SELM1{144+3) :
5M=SQRTF(3.0*((T1+T11)**2+(T2+T22)**2+(T3+T33)**2+2-0*(T4+T44)**2)
12«0}

SELMI(14.5)=SM=SELM(14.5)

IF(ERP{TA4)«EQeD) GO TO 100

L X T L ]

DETERMINE DEGRELE OF DEVIATION(CONV) FROM FLOW CURVE AND ADJUST
TANGENT MODULUS 1F DEVIATION EXCEEDS PREDETERMINED AMOUNT(CRIT) e
LT S TR T TR

E1=DELMI (1441 )1={SELM1{14+1)~PR*SELMI{14+2))
E2=DELMI{14+2)1=(SELMI(14+2)=-PRESELME({I4+1))
EI=DELM1{I44)+PR* (SELMI{I4+1)+5ELMI(Las2})
E4=DELM1 (14431~ {1.0+PRI¥SELMI{1443})1%2,.0
EM=SQRTF (2. 0% (E1 ¥ %2 +E2HE2HEIR X2 HEL4H A2 /2,03/340)
DELM1(14+5)=EM

EM=EM+DELM{14+5}

CALL SUBSEM(EM.SBARYBAR«NO HEM s SEME)
CONVI=ARSF( { SM=SEM) /SEM}

IF(CONV1+LT«CONY) GO TO 102

CONV=CONV 1

CONTINUE

IF(CONV1LTCCRIT) GO TO 100
HEFF(l4)=(SEM“5ELM(IaOS))/DELMI(I415)*E

51=0
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CONTINUE

IFIE1.EQe1y GO TO B8O .
[FINITERJEQ«NITMAX)Y GO TO 9
NITER=MNITER+1

GO TO 53

CONT i NUE
ERERREEERFRER RN R

ADD STRESS AND STRAIN INCREMENTS TO INTTIAL VALUES. ESTIMATE PLASTIC

MODUL ! FOR NEXT LOAD INCREMENTs AND UPBATE COORDINATES AND
FLEMEMNTAL THICKNESSES.

ta L2 X S a3 L0 S s

Pi=YBARS{SBARXE)

DO 81 Y=l.M

DO RZ J=1+5

SELM{ ] s DI =SELM{ T+ JI+BELMII ] « . )

DELMIY + I=DELMIT o J340ELMI{ T 4.0}
THENST{T)=THKNS (1) #{ 1 +04+DELM1{1 414} %P 1)
IFLEP{1EQ.0) GO TQ 81

EM=NHELM T <5)

CALL SUBSEMIEM:SPAR « YBAR«NC i HEMSEME )

HEFF113}=HEM

COMNT I NUE

EP{IYDYI=I

HEFE{JYD)=HI1:1)

DO 132 1=taN
CORDII1I=CORDIT+ 1)+ (DELUH 2% I =11 RYBAR/(E#SBAR) ) #1NCR
CORDET 23 =CORDS [ v 23+ {DELUL 2% ¥YBARS IEXSBAR ) 1% [ NCR
e 3R

PRINT QUT RESULTS FOR CYCLE COMPLETED. CYCLE COMPLETER(CYC)as NOo
OF ITERATIONS REGUIREDINITER) s ELEMENT YvIELDED. ACCUMULATED LOAD
AND MAX DEVIATION FROM FLOW CURVEICONVI s ACCUMULATED STRESSES AND
STRAINS ARE PRINTED EVERY 10TH CYCLE.

EE 2 Z 22 L S22 2L LT 3

WRITE(E]I+B67) CYCWNITER

WRITE(61103} J4¥YD

ACCIM= ACTLMY TNCR

WRITFIAI+1309) ACTUM

WRITE (AT «90) CONV

{15=C¥C”10

FI1=£YC/10.0

F2=iS-F1

IFICYCeGT»0aANDF2MNELD0) GO TGO 171

WRITELIA]L «B3)

DO 95 f=1eM

WRITE{SH1 4831 1+{DELMII+cJ)ad=1.5)

WRITE{HI«B4Y

DO 93 IzleM

WRITE(HT1+83) [y {SELMITI+LYIsd=11D)

CONT INUE

IFLCYCLEQaIYIMAX Y GO TO 127

CYC=CYT+]

IF{CYClLEQe 1 CYIMAX+1YY GO TO 127

NITEFR=1

G0 TO 53

WRITE(S61+8R)

WRITEL(&1+00)Y CONY

WRITETH1.67) CYCsNI TER

GO TO 127

CONT INUE
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ES T ERS T T 2Lk at

PRINT OUT RESULTS FOR ELASTIC SCLUTIONe POISSONS RATIO(PR)Ys NOe OF
ELEMENTS(M)s NO. OF NODES(N}+. STRESSES AND STRAINS FOR ALL ELEMENTS.
ES TSI LS SR L

WRITE(H61+117} PRsMWN

WRITE{S61+120})

NO 119 1=1.M

DO 144 J=1.4

DELM( T« ) =DELM1(Ta.F)

WRITE(G]1«873) 1+ (DELMI(T+sJ)sd=104)

WRITF{614118)

RO 121 I=leM

DO 143 J=1l.4

SFLMUT «J)=SELMI(]+J}

WRITE(S651+83) [+ (SELMI{TaYsJd=144)

CYC=0=1

IF{CYCMAXGT«D)Y GO TO 138

GO TO 129

EE X TR LRSS TR S )

PRINT QUT. MAX NO. OF CYCLES ALLOWED(CYCMAX)s MAX NOe« OF 1TERATIONS
ALLOWEDI(NITMAX) s FIRST ELEMENT TO YIELD(J1)s MAX EFFECTIVE STRESS
FROM ELASTIC SOLN{SBAR)s PROPORTIONAL LIMIT{YBAR)s NOs OF POINTS

29

ENTERED ON FLOW CURVE{NGC)s MAX ALLOWABLE DEVIATION FROM FLOW CURVE(CRIT)a

EE I e TS ST

WRITF(G1¢11) CYCMAXINITMAX«J1+SBARYYBAREsNCGCRIT
CONTINUF

END
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SUBROUT INE SUBSEMIEMI +SBARL + YBARL oNGL «HEMI o SEMIE] )
COMMON/A/HL 3030

EMII=EMI¥YRAR] /{SBARI¥*E 1)
IF(EMI 1L TLHING1I23)) GO TO 3
SEMIT=tEMII-HING ]33 3¥HINOL « 1 }+HIND] 42}
HEMI=HINOL 1}

GO TO 2

D0 1 I1=1NOt

IF(EMI 1 aGELH{I+121) GO TD 1
SEMII=IEMII-HIT «3) 1 %I T ol 3+H{I2}
HEMI=H{I+13

GG TO 2

CONTINUE

SEMi=5SEMi 1 *SBARI /YBAR1

RETURN

END
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SURBROUTINE SOLVEINZL«BDW1)
TYPE INTEGER BDwl
COMMON/ 1 /A1 (454 4+36) +DELF1(454)DELUL (489)
DIMENSTION RI(36+363+C1 (36}
N =NP1-1
MS=(BDWI+1) /2
MT7=M1=M5~—1
DO 25 I=1sM5
DO 25 J=1+MS
Bltled)=Bl{Jel)I=A1C( s J+1~])
DO 70 N=1.NL
NO S I=s1.M5

Al iN«II=CIIT)I=B1{1+1)
DO 20 1s1M1

==R1{I+141)/7C101)
DO 30 J=]1M1
BI(I+J)=BI (141 ¢ J+1)+R¥CI{J+1)
DELFLI(N+I1)Y=DELF1{N+1)+R¥DELF1(N)
TFIIN$ME) JGFaN21Y GO TO S0

DO &C 1=1.M5
AIIMS+T)1=B1ITsMSI=AT(N+] +sMS+1~]
GO TO 70

MS=M1

Mi=Ml=1

CONTINUE

DELU]I (IN211=DELFI(N21)}/B1(1+1}

DO 6 [=2+«N21

Ma=NP1—-14+1

SUM=0,0

DO 7 K= +M7
SUM=SUM4+DELUL (Ma+K I ¥A1 (M4 K+1)
DELUI (M4)=(DELFI1{Ma)=SUM)/A[{Ma 1)
RETURN

END

31
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